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Abstract

In this paper we propose a fuzzy Laplace transform to solve fuzzy initial value
problem under strongly generalized differentiability concept. The fuzzy Laplace
transform of derivative was used to solve Nth-order fuzzy initial value problem.
To illustrate applicability of proposed method we plot graphs for different values
of r-level sets by using Mathematica Software.
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1 Introduction

Fuzzy Differential equation is very much useful to solve to differential equation
that occurs in field of Engineering, physical mathematics as well as mathematics.
The concept of a fuzzy derivative was first introduced by Chang and Zadeh [19] followed
up by Dubois and Prade[16]who used the extension principle in their approach. Other
fuzzy derivative concepts were proposed by Puri and Ralescu [17]and Goetschel and
Vaxman [24] as an extension of the Hukuhara derivative of multivalued functions.
Kandel and Byatt[1]applied the concept of fuzzy differential equation to the analysis
of fuzzy dynamical problems. The FDE and the initial value problem (Cauchy problem)
were rigorously treated by Kaleva [13,14], Seikkala [20].

Two analytical methods for solving an Nth-order fuzzy linear differential equation
with fuzzy initial conditions presented by Buckley and Feuring[7,8]. In 2003,0'Regan
et al.[9] proved a super-linear result for fuzzy boundary value problems relying on
general Schauder theorem in the metric space. Meanwhile Lakshmikantham
et al.[10] investigated the solution of two-point boundary value problems associated
with nonlinear fuzzy differential equation by using the extension principle.

In 2008,Chen Minghao et al. [11] obtained the conclusion:two-point boundary value
problems have analytic solution only on condition that the new structure and
properties to the fuzzy number are given. In 2008, T.Allahviranloo et al. [22] solved
Nth-order fuzzy linear differential equations.The fuzzy Laplace transforms for solving
first order fuzzy differential equations under H-differentiability have proposed

by Allahviranloo and Ahmadi [2].A new method for solving fuzzy linear

differential equations obtained by T. Allahviranloo, S.Abbasbandy, and S.

Salahshour , A.Hakimzadeh [21]. The fuzzy Laplace transforms to solve second-order
FIVVPs under generalized H-differentiability applied by S.Salahshour, T.Allahviranloo
[3].The fuzzy approximate solutions of second order fuzzy linear boundary value
problems found by Xiaobin Guo,Dequan Shang and Xiaoquan.[25]

Strongly generalized differentiability was introduced and studied by Bede
et al.[5,6] the existence and uniqueness theorem of solution of Nth-order fuzzy
differential equations under generalized differentiability was studied by S
Salahshour [18].In 2015,Patel and Desai [15] find solution of variable coefficient
fuzzy initial value problems by properties of Linear Transformtion.The strongly
generalized derivative is defined for a larger class of fuzzy valued function than
the H-derivative, and fuzzy differential equations can have solutions which
have a decreasing length of their support. So we use this differentiability concept
in the present paper.
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The Laplace transform method on fuzzy Nth-order derivative solves FLDEs in and
corresponding fuzzy initial and boundary value problems. In this way Laplace transforms reduce the
problem to an algebraic problem. The fuzzy Laplace transform also has the advantage that it solves
problems directly, fuzzy Nth-order initial value problems without first determining a general solution
and non homogeneous differential equations without first solving the corresponding homogeneous
equation.

2 Preliminaries

2.1 Fuzzy Number

A fuzzy number is a fuzzy set like u: R - I = [0,1] which satisfies:

1.u is upper semi-continuous.

2.u is fuzzy convex i.e.(Ax + (1 — A)y) = min{u(x),u(y)}vx,y € R,A € [0,1]

3. uis normal i.e 3x, € R for which u(xy) =1

4.suppu = {x € Rlu(x) > 0} is support of u,and its closure cl(suppu) is compact.

2.2 r —Level Sets

Let E be set of all real fuzzy numbers on R.The r-level set of fuzzy numberu € E,0 <r < 1,

denoted by [u], is defined as
_(x€eRlux)=2r}if0<r<1
[l = { cl(suppu) ifr =0 }

It is clear the r-level set of a fuzzy number is a closed and bounded interval [(w(r), @ (7)],
where u(r) denote left-hand endpoint of [u],.and %(r) denote right-hand endpoint of [u]...
Since each y € R can be regarded as a fuzzy number  defined by

- 1 ift=y

y@© = {0 ift + y}
R can be embedded in E.

2.3 Parametric form of Fuzzy Number

A fuzzy number u in a parametric form is a pair (u, @) of functions (u(r),@(r)) 0 <r < 1,
which satisfies the following requirements:

1.u(r)is a bounded monotonic increasing left continuous function,
2.u(r) is a bounded monotonic decreasing left continuous function,
u(r) <ua(r),0<r<1

A crisp number ais simply represented by (u(r), @ (r)) = a,0 < r < 1. we recall that for

a < b < c¢ which a,b,c € R the triangular fuzzy number

u = (a, b, c) determine by a, b, cis given such that

u(r) = a+ (b—a)rand u(r) = c — (c — b)r are endpoints of r-level sets, for all r € [0,1]

27



Solution of FIVPS by FLT K.R.Patel and N.B.Desai

2.4 Properties of Fuzzy Valued Number

For arbitrary u =(u(r),u(r)),v = (w(r),v(r)), 0 <r < 1 and arbitrary k € R.
We define addition, subtraction, multiplication, scalar multiplication by k.

u+v=(ulr)+v),ual)+ o))

u—v=ul)—-v0)ul) —v)
u-v = (minfu(r)v(r), u(r)v(), u(r)v(r), u(r)v(r)},
max{u(r)v(r), u(r)v(r), u(r)v(r), u(rv(r)})
o = (ku(r),ku(r)) ifk=0
“= {(kﬁ(r),kt_c(r)) ifk < o}

3 Hukuhara Difference,Generlized And Strongly Generalized
Differentiability

3.1 Hukuhara difference

Let x,y € E.If there exists z € E suchthat x = y + z, then z is called the
Hukuhara difference of fuzzy numbers x and y, and it is denotedby z = x O y.
The O sign stands for Hukuhara-difference, and xOy # x + (—1)y.

3.2 Hukuhara differential

Let f: (a,b) — E and t, € (a, b) if there exists an element f'(t,) € E such that for all # > 0
sufficiently small,exists f(t, + 1) Of (to), f (to) Of (ty — k) and the limits holds(in the metric D)

lim,_, f(t0+h319f(t0): lim, ., f(to)Qf(to h)_ f(t )

3.3 Generalized Hukuhara Darivative

Let f: (a,b) = E and t, € (a, b) we say that f is (1)- differential if there exists an element
f'(to) € E such that for all 2 > 0 sufficiently small, exists f(t, + h)Of (to).f (t)Of (to — k)
and the limits holds(in the metric D)

f(t0+h)9f(t0)=lim f(to) Of(tg—h)
I h—0 n

=f(to)

f is (2)-differential if there exists an element f(t,) € E such that for all # > 0 sufficiently small,
exists f (ty) Of (ty + h),f (t, — h)Of (ty) and the limits holds(in the metric D)

f(to—h)ef(to) f (t )

If f'(t,) exist in above cases then i.e. called Generalized fuzzy derivative of f(t).

lirnh—>0

limh_,o —f(tO)e_f]ft0+h): llmh
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3.4 Strongly generalized differential

Let f: (a,b) = E and t, € (a, b) we say that f is strongly generalized differential if there

exists an element f'(t,) € E such that

(for all h > 0 sufficiently small, exists
f(to+ h) B f(ty).f(ty) OF(t, — h) and the limits holds(in the metric D)

lim, ¢ f(to+h)B f(to) _ limy ., f(t())elf?wz £(to) or

h
(ii)for all h > 0 sufficiently small, exists

f (&) Of (tg + h),f (t, — h)Of (t,) and the limits holds(in the metric D)
. f Of h . f(to—h)Of '

limy,_,o _;St0+ = lim;,_y _)h C=f(t5) or

(ii)for all h >0 sufficiently small, exists

f (to + h) O f(ty).f(to — h)Of (ty) and the limits holds(in the metric D)

o thOHtQ)_ pjp, MO criy ) o

lim
h—0 L —h

(iv)for all h > 0 sufficiently small, exists

f (ty) Of (ty + h),f(to)Of (t, — h) and the limits holds(in the metric D)
lim;,_o _f(tO)e_f;EtOJrh): limy, g f(tO)e;(tO_h):f (to)

(h and —h at denominators mean %and _ih Jrespectively)

Theorem:1Let f: R — E be function and denote f(t) = (_f(t),f(t))foreachr € [0,1].then

1.1f f is (i)-differentiable, thenf (t)and f(t) are differentiable function and

f®=C¢EWmF )
2.If fis (ii)-differentiable, then f(t) and f(t) are differentiable function and

f@©O=FW®f£Q0)
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4 Method Of Fuzzy Laplace Transform
Let f(t) be continuous fuzzy-valued function. Suppose that f(t)e " improper fuzzy Riemann
integrable on [0,=) then fow f(t)estdtis called fuzzy Laplace transforms and is defined as

LIF®O] =[] f(De~tdt

we have

Jy f@etdt = (J; e dt, [ f(D)e~"de)

also by using definition of classical Laplace transform:

ILf (6] =0 f (e de
17 = | fwea
0

then we follow _
LIf O] = (UL )], Uf & D
Theorem:2Let f'(t)be an integrable fuzzy-valued function,and f(t) is the primitive of f'(t)
on [0,00)Then
LIf (] = sLIf()]Of(0)

where f is (i)-differentiable
or

LIF' (O = (-£(0)) O(=sL[f (O]
Where f is (ii) differentiable
Theorem:3 Let £ (t) be integrable fuzzy-valued function,and £ (t), f are primitive of f'(t),

f"(t) on [0,22).Then

L[f" ()] = s*L[f(1)] Os £(0) Of'(0)

where f is (i)-differentiable and £~ is (i)-differentiable or
LIf" (©)] = s*L[f(©)] Bs £(0) - f'(0))

where f is (ii)-differentiable and £ is (ii)-differentiable or
LIf" ()] = B(=s)LIF(O)] — s £(0) — f'(0)

where f is (i)-differentiable and £ is (ii)-differentiable or
LIf" ()] =0 (=s)LIf(®)] - s £(0) Bf'(0)

where f is (ii)-differentiable and f"is (i)-differentiable.
Theorem:4 Linearity properties for FLT

Let f(t) and g(t) be continuous fuzzy-valued functions and c; c, are constants. suppose that

f(®)e st ,g(t) e Stare improper fuzzy Riemann-integrable on [0,c0)then

Ller f(®) + c29(®)] = c1LIf ()] + c2L[g (D]
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5 Application Of FIVPs In Mechanical Engineering

Here we consider the application of fuzzy differential equation in Mechanical Engineering.
The first one is The Vibrating Mass system without damping effect and second one is The
displacement of Pendulum due to damping.

Example:1 Consider the vibrating mass system. The mass m = 1, the spring constant
k = 4 lbs/ft and there is no, or negligible,damping.The forcing function is 2 cost .
The differential equation of motion is.

y" +4y = 2 cost
Subject to initial conditions

y(0) = 2,y'(0) =0

Consider the fuzzy initial value problem

y" +4y =2 cost

y(0) = [27,4 — 27]

y'(0) = [-2 + 27,2 — 21]
By using Method of FLT

Lly'1+4L[y] = 2 L[cost]

By above Theorem

S 1 2s
Enl=en gt -t e e+ D
2
Uy(e,r] = (4 - Zr)szsﬂ +(2-2n) sz +4 + (s + 4)252 +1)

Hence the lower and upper bound of solution is as under respectively

v(t,m)=(2r) cso 2t + rsin 2t — sin 2t +§cos t— %cos 2t

2 2
y(t,r) = (4 — 2r) cos 2t + sin 2t — rsin 2t + §cost —§cos 2t

The y(t,r) and y(t,r) atr =0, 0.5, 0.8, 0.9,1 are presented below in Figures.1,2,3,
4.5 respectively

2 4
y@®) =yt 1) = y(t1) = §cost + §cos 2t
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Figure 3: y(t,r) and y(t,r) atr = 0.8

Figure 4: y(t,r) and y(t,r) atr = 0.9
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Figure 5: y(t,r) and y(t,r)atr=1

Example:2 A Pendulum of length ngft is subject to resistive force Fp = %%
due to damping. Determine displacement function. If 6(0) = 1,6'(0) = 2.

The D.E is

2
849 43249 1 329 =0 With initial conditions

sa? T s @ ,
6(0)=1,6(0)= 2

By simplifying and converting them to Fuzzy D.E

The equation become

d2e do S .

-zt 4; + 206 =0 With initial condition
0(0)=[r,2-7],0'(0)=[1+713—71]

By using Method of FLT

L[6"]+4L[A']+20L[6] = L[0]
By above Theorem

1e(t, Ml =

s+2 <3r+1) 1
"5+2)72+16 4 )(s+2)?%+16

~ s+2 7—3r 1
1[9(“)]:(Z_T)(s+2)2+16+< z )(s+2)2+16

Hence the lower and upper bound of solution is as under respectively

B(t,r)=re %t cos 4t + (%) e %tsin4t

7 —

_ 3r
0(t,7) = (2 —1)e *cos 4t + ( )e‘zrsinﬁlt

The 8(t,r) and 6(t,r) atr =0, 0.5, 0.8, 0.9,1 are presented below in Figurs.6,7,8,

9,10 respectively
6(t) =0(t,1) = 6(t,1) = e~ (cos 4t + sin4t)

33



Solution of FIVPS by FLT

K.R.Patel and N.B.Desai

s
T
\\\
/

(%]
T
/

L
) N
Lo} N
§ \
N
! N\
05 O\

34

Figure 8: 9(t,r) and 8(t,r) atr = 0.8
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Figure 9: 8(t,r) and 8(t,r) atr = 0.9

©
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Figure 10: 8(t,r) and 0(t,r) atr =1

6 Result and Discussion

From above examples we see that the solution of FIVP is depends on the derivative
i.e.(1)-differentiable or (2)-differentiable. Thus as in above examples, the solution can
be adequately chosen among four cases of the strongly generalize differentiability.
On the other hand, in this new procedure unicity of the solution is lost because we
have four possibilities, but it is expected situation in the fuzzy context. In all the
above examples, for different values of r graphs for lower and upper bounds are
different whereas at » = 1 upper bound and lower bounds are sameand both the
graphs are coincide.
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7 Conclusion

In this paper, the Laplace transform method provided solutions to Nth- order fuzzy
initial value problem but here by sake of simplicity we have considered second order
FIVPs by using the strongly generalize differentiability concept. The efficiency of
Method was described by solving some application based examples.
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